Abstract. In this paper we study strongly sum difference quotient labeling of some graphs that result from three different constructions. The first construction produces onepoint union of graphs. The second construction produces chain graph, i.e., a concatenation of graphs. A chain graph will be strongly sum difference quotient graph if any graph in the chain, accepts strongly sum difference quotient labeling. The third construction is the corona product; strongly sum difference quotient labeling of corona graph is obtained.
Introduction
Graph theory terminology and notation are taken from [3] . A labeling of a graph G is a one-to-one mapping from the vertex set of G into a set of integers. Labeled graphs serve as useful mathematical models for a broad range of applications such as coding theory, x-ray crystallographic analysis, circuit design, communication network et cetera. By a graph we mean a finite, undirected, connected graph without loops or multiple edges. The concept of strongly sum difference quotient graphs was introduced by Adiga and Swamy [1] . Definition 1.1. A graph with n vertices is said to be strongly sum difference quotient (SSDQ) graph if its vertices can be labeled with integers 1, 2, ..., n such that the sum difference quotient function f sdq is injective, i.e., the values f sdq (e) on the edges are all distinct. We define the sum difference quotient function f sdq : E(G) → Q by f sdq (e) = | f (v)+f (w) f (v)−f (w) |, if e join vertex v and vertex w.
Definition 1.2 ([2]
). Given two graphs G and H, the corona (crown) of G with H, denoted by G ⊙ H, is the graph with
In other words, a corona graph is obtained from two graphs G and H, taking one copy of G, which is supposed to have order p, and p copies of H, and then joining by an edge the k th vertex of G to every vertex in the k th copy of H. An special kind of corona graph is given by C n ⊙ K 1 , i.e., a cycle with pendant points.
Definition 1.3 ([5]
). A graph G in which a vertex is distinguished from other vertices is called a rooted graph and the vertex is called a root of G.
In Section 2, we give a strongly sum difference quotient labeling of onepoint union of graphs while in Section 3 we also give SSDQ labeling of chain graph. In Section 4, we give SSDQ labeling of the corona graph C n ⊙ mK 1 .
SSDQ labelings of one-point union of graphs
Let G be a rooted graph, the graph G (n) obtained identifying the root of n-copies of G is called a one − point union of n copies of G. Proof. Denote by f s the strongly sum difference quotient labeling of graphs B s , 1 ≤ s ≤ m. Without loss of generality, we may assume that f s assigns the integers 1, 2, ..., |B s | to the vertices of graphs B s . For every 1 ≤ s ≤ m − 1, identify the vertex of B s with label 1 with the vertex of fixed graph B i with label 1, the graph so obtained is one-point union of graphs, denoted by G. The order of
Now we shall obtain the SSDQ labeling of G. With the above assumption, B s and B i share the vertex labeled 1, which will be the common vertex between them. After labeling the common vertex, list the remaining vertices (without common vertex) of the graph G with the labels assigned to them by f s in ascending order, that is k q , k ≥ 2. q is the number of times integer k appears in G. Then define a function φ on the vertices of G (without the common vertex) as follows:
Using the labeling φ on the vertices of G, we have a SSDQ labelings of G.
Example. Consider the graphs B 1 = C 3 , B 2 = S 5 , B 3 = P 4 , B 4 = C 4 with the following labels in Figure 1 .
In Figure 2 we show a one-point union graph G obtained by using 
SSDQ labelings of chain graphs
Suppose now, that the graphs B 1 , B 2 , ..., B m are blocks and that for every i ∈ {1, 2, ..., m}, B i and B i+1 have a vertex in common, in such a way that the block-cut point graph is a path. The graph G obtained from this concatenation will be called a chain graph.
Let G be a chain graph with m blocks (m ≥ 3). Let u i be the vertex that connect u i+1 ) , namely, the distance between u i and u i+1 , 1 ≤ i ≤ m − 2. Therefore, each chain graph G has associated the string
Let G be any chain graph with blocks B 1 , B 2 , ..., B m such that B i is any complete bipartite graph. Then G has a string d 1 , d 2 , . .., d m−2 where d i ∈ {1, 2}. In this case, it is possible to obtain SSDQ labeling of G.
Lemma 3.1. The complete bipartite graph K n,n is SSDQ graph if and only if n ≤ 2.
Proof. Assume that K n,n is SSDQ graph. We now show that K n,n is not SSDQ for any n ≥ 3. On contrary, let us assume that K n,n is SSDQ graph for some n ≥ 3. Let {X, Y } be a partition of the graph K n,n , where n ≥ 3. It is clear that |X| = |Y | = n, labels assigned to X and Y are distinct and the union of labels assigned to X and Y is {1, 2, ..., 2n}.
Let x, y be labels assigned to the vertices of K n,n , if x = 1 and y = 2, where x ∈ X and y ∈ Y then (3.1) f sdq (x, y) = f sdq (2y, y)
which implies that labels y, 2y ∈ Y . Also
This implies that labels y, 2y, 2x ∈ Y . Lastly,
whenever y i = 2x i and y j = 2x j . Combining equations (3.1), (3.2) and (3.3), we have the labels assigned to vertices in Y to be {2, 4, 3, 6, ..., 2n}. This implies that |Y | > n, a contradiction. Therefore n ≤ 2.
Conversely, let n ≤ 2 and we need to prove that for K n,n is a SSDQ graph. The case n = 1 is trivial so we prove for the case n = 2. If n = 2, then the number of edges in K n,n is 4. Assume that vertex labeled with label x, 2x are not in the same partite set. Then f sdq (x 1 , y 1 ) = f sdq (x 1 , y 2 ) = f sdq (x 2 , y 1 ) = f sdq (x 2 , y 2 ). Therefore K n,n is a SSDQ graph when n ≤ 2.
Theorem 3.1. Let B 1 , B 2 , . .., B m be blocks of complete bipartite graph K 2,2 with SSDQ labeling, then any chain graph G, obtained by the concatenation of these blocks, has a SSDQ labeling. Since d i = 2, the vertices of X i+2 are labeled with the integers u i +1, u i + 2 and the vertices of Y i+2 are labeled with the integers u i+2 − 1, q − (i + 1) such that they are adjacent to the vertices of X i+2 . Suppose there exist an edge x i y i in G such that the label of vertex x i is a multiple of y i or vice-versa (except edge x 1 y 1 ), then replace the label of the vertex y i with the label of the vertex y i−1 and vice-versa.
Also, suppose there exist edges x i y i and x ′ i y ′ i in G such that the label of vertex x ′ i is a multiple of the label of the vertex x i and the label of vertex y ′ i is a multiple of the label of the vertex y i , then replace the label of the vertex y ′ i with the label of the vertex y i−2 and vice-versa. Note that for every block B i (1 ≤ i ≤ m), the numbering obtained is a SSDQ labeling. This complete the proof.
SSDQ labelings of corona graphs
An special kind of corona graph is given by C n ⊙ K 1 , i. e., a cycle with pendants points. In 1979, Frucht [4] shown that this corona graph is graceful. Following Frucht's idea, Barrientos [2] obtained that any cycle with m pendant points attached (m ≥ 1) is graceful. We obtained the SSDQ labelings of the corona C n ⊙ mK 1 , (m ≥ 1).
Theorem 4.1 ([1]
). For all n ≥ 3, the cycle C n is a SSDQ graph. Theorem 4.2. The corona C n ⊙ mK 1 is a SSDQ graph for every positive integers n ≥ 3 and m ≥ 1.
Proof. Describe the cycle by the circuit v 1 , v 2 , ..., v n , v 1 and denote by v ij the vertices of degree one adjacent to vertex v i , (1 ≤ i ≤ n) and 1 ≤ j ≤ m). We distinguish two cases: Case 1. n is even, the labeling f of C n ⊙ mK 1 is define below:
Case 2. n is odd, the labeling f of C n ⊙ mK 1 is define below:
Now we need to show that labeling f of the corona graph satisfies the required properties of SSDQ graph. The number of vertices in C n ⊙ mK 1 is n(m + 1). From the labeling f above, the vertices of the corona are labeled with integers 1, 2, ..., n(m + 1). Let f sdq (e 1 ) = Example. To avoid an excessive number of figures, we represent the labelings of C n ⊙ mK 1 in an array of n columns and m + 1 rows. The first row containing the labels of vertices of the cycle C n ; from the second row of any column, are the labels of the end vertices as we can see below. 
